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Figure 1: Goggles

1 Introduction

~ In this part we assume that G ‘)A bipartite graph that is signable to be

balanced and contains goggles
the following notation: P = «,...
u,...,.5,hand T = hk,...,v. < —

The paths P,@, R, S have length greater than 1, but the path T" may be

= Go(P,Q,R,S,T), see Figure 1. We use
,iL,h, @ =a,..., 0, R=0,...,v, S =

of length 1 in which case h € N(v) and k = v. Assume w.l.o.g. that a € V". .\“"’-'i":é.,\/_/
Then z,u,v € V¢ and b, h € V. Further, we assume that G does not contain e

e a wheel,

e connected squares,

e a connected 6-hole,

e an Ry configuration,

e an extended star cutset.

Since G does not contain an extended star cutset, it follows from Part I1I | 5. (0, ;o ¢

that G does not contain

~o
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e a parachute with long sides and long top,
e a parachute with long sides, short top and short middle.

The main result of this paper is that G has a 2-join. This requires an
understanding of the possible paths connecting nodes of I'. But in order
to identify these paths, we need to first study the structure of the strongly
adjacent nodes to I'. This is done in the next section. In Section 3 we
identify the bicliques formed by the nodes of I and strongly adjacent nodes.
In Section 4 we study the direct connections between nodes in I'. In Sections
5 to 9 we study the structure of direct connections to I" from strongly adjacent
nodes and neighbors of node A not in I'. Finally, in Section 10 we prove the
2-join theorem.

We use the following results about parachutes:

Corollary 1.1 If Il is a parachute with long sides, long middle, short top
v1,t,v2 and center node v, then there ezists a direct connection of Type df3.3(I11)]
or d1f4.1(IIl)], connecting the bottom of Il to the top {t}. Furthermore, ev-
ery direct connection between the bottom and the top of Il avoiding N(v)U
(N(v1) N N(v2)) \ {t} is of Type df3.3(1II)] or d1[4.1(I])].

Proof: The result is a consequence of Theorem 8.1(I1I). O
Lemma 1.2 Let Il be a parachute with long sides, long middle and short top

v1,t,v2 and center node v. There does not exist a chordless path z4,...
such that

axm

(i) m>2andz, e V(G)\V(II), 1 <p<m,

(i1) Node z; is adjacent to one of the nodes vy, v or v, and to no other node

of I1.
(ii1) Node z,, is adjacent to t and to no other node of II.

(iv) For2 < p<m—1, node z, has no neighbor in I1.

Proof: Assume such a path exists. Since G has no extended star cutset,
there exists a direct connection Y = y;,...,y, between the bottom of Il
and {z;,....x,} avoiding N(v) U (N(v;) N N(v2)). This implies a direct




connection W = y; = wy,...,w, from the bottom of II to {t} avoiding
N(v) U (N(v1) N N(v2)) \ {t}. By Corollary 1.1, the direct connection W is
of Type d[3.3(111)] or d1[4.1(IIL)].

If W is of Type d[3.3(I11)}, let s € V(M) be the neighbor of w;. Since s
is not adjacent to v, there is a 3PC(v, s) irrespective of whether Y contains
neighbors of v,,v; or ¢.

If W is of Type d1{4.1(1II)], there is a 3PC(v,y;). O

Lemma 1.3 Let Il be a parachute with long sides, long middle and short top
vy, t,v2, center node v and bottom node z. There ezists no chordless path
Zy,...,Tm Such that

i) m>2andz, € V(G)\V(II), 1 <p<m,

(i) Node z, is adjacent to either v, or vz, say vy, and to no other node of

II.
(iii) Node z,, is adjacent to v and to no other node of II.

(iv) For2 < p<m—1, node z, has no neighbor in II.

Proof: By Corollary 1.1, there exists a direct connection Y = y;,...,yn
of Type d[3.3(I11)] or d1[4.1(III)] between the bottom of I and {t}. Let
s € V(M) be the neighbor of y; closest to z. No node of Y is coincident
with or adjacent to at least one of the nodes zi,...,zn, for otherwise there
is a 3PC(v,s) or 3PC(v,y;). Consider the parachute with top path vy, v, v,
same side paths as II and middle path t,yn,...,y1,$, M,;,z. Now the resuit
follows by Lemma 1.2. O

2 Strongly Adjacent Nodes

Theorem 2.1 Let w € V(G) \ V(I') be strongly adjacent to I'. Then one of
the following holds:

e Node w has two neighbors in I' and both of these neighbors are in the

same path P,Q,R,S or T.

e Node w is of one of the following types, see Figure 2.
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Figure 2: Strongly Adjacent Nodes
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Type a Node w has ezactly two neighbors in I and w is adjacent to x and
u (a and b resp.).

Type b Node w has ezactly two neighbors in I' and is adjacent to the two
neighbors of h (v resp.) in P,S (Q, R resp.).

Type ¢ Node w has exactly two neighbors in I' and w is adjacent to the two
neighbors of h (v resp.), one in T and one in either P or S (Q or R

resp.).

Type d w € V¢ (w € V" resp.) has ezactly two neighbors in I', one of them
in V(P)\ {k} and the other in V(S)\ {R} (V(Q)\ {v} and V(R)\ {v}
resp.).

Type e w € V¢ (w € V" resp.) has exactly two neighbors in T, one of them
in V(T)\ {h,v} and the other in V(P)UV(S)\ {h} (V(Q)VV(R)\{v}
resp. ).

Type f Node w has three neighbors in I' and w is adjacent to z,u (a,b resp.)
and to a node of T which is not adjacent to h (v resp.).

Type g Node w has three neighbors in I and w is adjacent to z,u (a,b resp.)
and to a node of V(Q)VU V(R)\ {v} (V(P)UV(S)\ {h} resp.).

Type h Node w has three neighbors in T and w is adjacent to one node in

T, to one node in V(P)\ {zx} and to one node in V(S)\{u} (V(Q)\{a}
and V(R) \ {b} resp.) and two of these three nodes arc adjacent to h

(v resp.).

Proof: We consider first the case where w has two neighbors in I' and
then the case where w has three or more neighbors.

Case 1 Node w has two neighbors in T, say a and S.

If @« and B belong to the same path P,Q,R,S or T, then w is as
described in the first part of the theorem. Now assume « and 3 belong
to distinct paths. Because of the symmetry between paths P, @, R and
S, we can assume w.l.o.g. that o € V(P). We now have the following
three subcases.




Case 1.1 S € V(S)

Clearly, since a and 3 belong to distinct paths, a,8 # h. If we Ve,
then w is of Type d. Suppose now w € V'. If a = z, then § = u
for otherwise we have a 3PC(z,h). This yields a node w of Type a.
Suppose now a # z. By symmetry, § # u. Now, if a (B resp.) is not
adjacent to k, there is a 3PC(k,a) (3PC(h,3) resp.). Hence both «
and 3 are neighbors of k. This yields a node w of Type b.

Case 1.2 B € V(T)

Clearly, a, 8 # h. If w € V<, then w is of Type e. Suppose now w € vr.
If a (B resp.) is not adjacent to k, there is 3PC(h, @) (3PC(h, B) resp.).
Hence, both a and 3 are neighbors of k. This yields a node w of Type c.

Case 1.3 8 € V(Q)UV(R)

Because of symmetry, we can assume w.lo.g. that 3 € V(Q) and
w € Ve. If B is not adjacent to v, there is a 3PC(v,3). Hence 8 # a.
Now if a # h or if |T| > 1, there is a 3PC(z, 8). Hence it follows that
a = hand B,h € N(v). Then w is of Type c.

Case 2 Node w has three or more neighbors in I'.

Clearly w has at most one neighbor in each of the paths P, Q, R, S, T,
for otherwise there is a wheel. We now consider two cases depending
upon whether |[N(w)NV(T)| =0or L

Case 2.1 |[N(w)nV(T)| =1

Now w has neighbors in at least two different paths P, @, R, S. Because
of symmetry, we assume w.l.o.g. that [N(w)nV(P)\{h}| = 1. It follows
that & ¢ N(w) and |N(w) N (V(Q)U V(R)) \ {v}| = 0 for otherwise
there is a wheel. This implies that |N(w) N V(S)\ {k}| = 1 and w has
exactly three neighbors in T. If w € V°, there is a 3PC(w, h). Hence
w € V™. Let a, 8,7 be the neighbors of w in P, S and T respectively.
We now consider the following two subcases.

Case 2.1.1 a or 3 is a neighbor of A.

Assume w.l.o.g. that a € N(k). If B € N(k), node w is of Type h.
Suppose now 8 & N(h). If v € N(h), there is a parachute with long
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top and long sides as follows. The to,» path is v,T,4, h,, the side
paths are a, P,;,z,a and 7, Ty, v,Qus, a. The center node is w and
the middle path is w, 3, Sg., u,a. Hence v € N(h) and w is of Type h.

Case 2.1.2 Neither a nor 3 is a neighbor of A.

If « = z and B = u, it follows that v € N(h), for otherwise we have a
parachute with long sides, short top and short middle as follows: The
top path is z, b, u, the side paths are P and S, the center node is w and
the middle path is w,v,h. This yields a node w of Type f. Suppose
now a # z or f # u, say a # . Now as in Case 2.1.1, we have a
parachute with long top and long sides.

Case 2.2 |N(w)NV(T)| = 0.

Clearly, h,v ¢ N(w). Suppose w has four neighbors in I, one in each
of the paths P,@, R,S. Because of symmetry, we can assume w.l.o.g.
that w € V¢. This implies a 3PC(w, h). Consequently we can assume
w.l.o.g. that |[N(w) N V(Q)| = 0 and that w has exactly one neighbor
in P,Rand S. If w € V¢, there is a 3PC(w, h). Hence w € V". Let a,
B and I' be the neighbors of w in P, S and R respectively. If @ = = and
B = u, node w is of Type g. Suppose now a # z or 3 # u, say a # z.
If 8¢ N(h), there is a 3PC(a,a). If 3 € N(h) and o € N(h), there
is a 3PC(a, ). Hence a, € N(h). Now there are connected squares,
which is a contradiction. O

Theorem 2.2 Among the goggles of G, let I' be one with shortest top path
T and, subject to this condition, with the fewest number of nodes. Let w be
a strongly adjacent node to I'. Then, one of the following holds:

(1) Node w is a twin of a node of T.
(i1) Node w is of Type a, b, c or d[2.1].

Proof: If node w has two neighbors in one of the paths P,@Q,R,S or T,
then w must be a twin of one of the nodes of degree two in T, since otherwise
[ would not have shortest top path or would not have the fewest number
of nodes, subject to this condition. If w is of Type €[2.1], there are goggles
with a shorter top path. Similarly if w is of Type h{2.1] and is adjacent to
the neighbors of h (v resp.) in P.S (Q.R resp.) but not to the neighbor
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of h (v resp.) in T. If w is of Type g[2.1] but is not a twin of a,b,u or z
relative to I, there are goggles with a top path of the same length as T' but
with fewer nodes than I'. Similarly if w is of Type h[2.1] and is adjacent to
the neighbor of A (v resp.) in T and to exactly one of the neighbors of A
(v resp.) in P,S (Q, R resp.). Finally, suppose w is of Type f[2.1]. Let v
be the neighbor of w in T. Now consider the parachute with side paths P
and S, center node w, middle path w,v,T,s, k and top path z,b,u. Now,
by Theorem 8.1(III), since G does not contain an extended star cutset, there
exists a direct connection Y of Type d[3.3(III)] or d1{4.1(11I)] between b and
T.x \ {7,h}. This parachute and the path Y induce goggles with a shorter
top path than 7. O

Throughout the rest of the paper, we assume that the goggles I' has the
shortest top path T and, subject to this, I' has the fewest number of nodes.
Therefore, Theorem 2.2 always applies.

3 Bicliques

Lemma 3.1 Let y be a twin of node z and z a twin of node a. Then y and
z are adjacent.

Proof: Otherwise there is a 3PC(h,u). O

Lemma 3.2 Let d be the node adjacent to x in P. Ify is a twin of z, then
y is adjacent to all the twins of d.

Proof: Assume that y is not adjacent to a twin d* of d. Now consider the
goggles ' obtained from I' by replacing d with d*. Let P* be the new path
r,d",...,h. Apply Corollary 1.1 to the parachute II* with top path a,y,,
side paths @ and R, center node z and middle path z, P*,h,T,v. Let Y be a
path of Type d[3.3(I11)] or d1[{4.1(1II)] relative to I1*. In the goggles induced
by the nodes of Y and of I1*, node d violates Theorem 2.1. O

Lemma 3.3 Let w be a Type af2.1] strongly adjacent node adjacent to u and
x. Then w is adjacent to all the twins of u and z relative to I".

Proof: Assume that w is not adjacent to z*, a twin of 2. Apply Corol-
lary 1.1 to the parachute with top path u,w,z, side paths P and S, center

S




node b and middle path b, R,v,T,h. Let Y be a path of Type d{3.3(III)]
or d1{4.1(111)]. Replacing @ by w, @ by Y, and modifying R and T appro-
priately, we get goggles for which z* violates Theorem 2.1, irrespective of
whether z* has neighbors in Y or not. O

Remark 3.4 So nodes u,z,a,b, their twins and the Type af2.1] nodes adja-
cent to u and = form a biclique.

Similarly, nodes u,z,a,b, their twins and the Type af2.1] nodes adjacent
to a and b form a biclique.

Lemma 3.5 There cannot erist nodes w and z of Type b[2.1] or Type ¢[2.1]
having ezactly one common neighbor in I'.

Proof: Otherwise there is an odd wheel with center h or v. O

Lemma 3.6 Let w be a Type b/2.1] node adjacent to i and j. Then the top
path T of the goggles is of length greater than I and w is adjacent to all the
twins of 1 and ).

Proof: Let I1, be the parachute with top path 7, w, j, side paths ¢, Pz, z,a
and j, Sj,,u,a, center node h and middle path h,T,v,Q,a. The parachute
I, is defined similarly, replacing a by b and @ by E. Apply Corollary 1.1 to
{1, and II, and consider all resulting paths of Type d[3.3(III)] or d1[4.1(III)).
Let Y = y;,...,yn be a shortest such path. Assume w.l.o.g. that ¥ connects
the bottom of I, to the top.

Assume now that the path T has length 1. Then y; 1s not adjacent to v
but is adjacent to a node in Q. Furthermore, none of the nodes ys,...,yx
is adjacent to R. If y; is adjacent to R, then y; must be of Type b or
d[2.1]. Node y; is not of Type b[2.1] by definition of Y. Node y, is not of
Type d[2.1] for otherwise, there is a 3PC(y;,v). So, y; is not adjacent to R.
Let s be the neighbor of y; which is closest to @ in Q. It follows from the
definition of Y that s is not a neighbor of v. This implies the existence of
connected squares, with paths P4 = 1, Pz 2 Po = 7,5,.,u; Ps = h,v, R, b
and Py = w,Y,s,Q.q,a. Hence the path T must have length greater than 1.

Assume that w is not adjacent to ¢*, a twin of ¢. The parachute I, and
the path Y induce goggles for which :* violates Theorem 2.1. irrespective of
whether :* has neighbors in ¥ or not. O
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Lemma 3.7 Let w be a Type c[2.1] node adjacent to i and k. Then w is
adjacent to all the twins of i and k relative to I.

Proof: Apply Corollary 1.1 to the parachute with top path 7,w,k, side
paths 2, Pz, z,a and k, T}y, v, @, a, center node h and middle path k, S, u,a.
Let Y be the resulting path of Type d[3.3(11I)] or d1[4.1(III)]. In the goggles
induced by the nodes of Y and of the above parachute, the twins of ¢z and &
must satisfy Theorem 2.1 and therefore they must be adjacent to w. O

Lemma 3.8 The twins of h relative to I' are adjacent to the twins of 1,73, k.

Proof: Suppose h*, a twin of h is not adjacent to ¢*, a twin of . Now
consider the goggles I'* obtained from I' by replacing : with z*. Let P* be the
new path h,7*,...,z. Node h* is a Type c[2.1] node with respect to I'™*. Apply
Corollary 1.1 to the parachute with top path j, h*, k, side paths j, Sj,,u,a
and k,Tk,,v,Q,a, center node h and middle path h, P*,z,a. Let Y be the
resulting path of Type d[3.3(II1)] or d1[4.1(III)]. In the goggles induced by
the nodes of Y and of the above parachute, node 7 violates Theorem 2.1.
Hence h* must be adjacent 7*.

By symmetry, it follows that A* is adjacent to all the twins of ;.

Now, suppose h* is not adjacent to k*, a twin of k. Then, replacing k by
k* in T and using a similar argument as above, one can construct goggles in
which node k violates Theorem 2.1. Hence h* must be adjacent to k*. O

Remark 3.9 Lemmas 3.6 to 3.8 imply that nodes h,1,j,k, their twins and
the nodes having two neighbors in the set {1,3,k} form a biclique.

Lemma 3.10 Suppose w € V¢ is a Type d[2.1] node adjacent to p € V(P)
and s € V(S). Then w is adjacent to all the twins of p and s relative to T.

Proof: Suppose w is not adjacent to p*, a twin of p. Let p; and p, be the
neighbors of p in P. Then there is a parachute with long side paths, short
top path py,p*, p, and short middle path p,w,s. O

Remark 3.11 Let I'* be goggles obtained from T' by replacing a node of
[ by one of its twins relat’'ve to I'. Let U be the set consisting of nodes
u,x,a.b, h v, 1,7,k their twins and all Type a, b. ¢, d[2.1] nodes relative to
I'. Let U* be defined cccordingly, relative to I'*. By Lemmas 3.1, 3.2, 3.3,
3.6, 3.7, 3.8 and 3.10 the sets UV and U* coincide.
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Lemma 3.12 Suppose the top path T of I is of length . Let w be a
Type c[2.1] node adjacent to h and one of the neighbors of v in either Q
or R. Let z be a Type c[2.1] node adjacent to v and to either ¢ or 3. Then w
and z are adjacent.

Proof: If w and z are not adjacent, there is a violation of Lemma 1.3, as
follows. W.l.o.g. assume w is adjacent to the neighbor of v in @, say ¢, and
assume that z is adjacent to 1. The parachute has top h,w.t, side paths S
and t, Q,,a,u, center node v and middle path v, R, b,u. The extra path is
h,i,z,v. O

Remark 3.13 [t follows that, when |T| = 1, the nodes h,v, their twins and
the Type c[2.1] nodes form a biclique.

4 Direct Connections from a Node in the
Goggles

Let w be a node in the path P of I'. Let W be the set of twins of w relative to
I' and let F be the set of edges of Thaving w as endnode. In the partial graph
G\ F,let X = z,,...,z, be a direct connection between w and V(I') \ {w}
avoiding W. W.l.o.g. suppose z, is adjacent to w and z, is adjacent to node
p€ V() \ {w}. If n =1, z; is either a twin of a node in I or is a strongly
adjacent node of Type a, b, ¢, or d[2.1] relative to I'. Henceforth we assume
that n > 2. This implies that z, is not a twin of a node in I" and z; is not a
strongly adjacent node of Type a, b, c or d[2.1] relative to T.

Lemma 4.1 In G \ F, every direct connection X = z1,...,1,, n > 2,
between w € V(P) and V(') \ {w} avoiding W is of one of the following
types, see Figure 3.

Type 1 Node z, has all its neighbors in V(P). If z,, is not strongly adjacent
to I, let p € V(P) be its neighbor. Then either p 1s adjacent to w or
p and w belong to the same side of the bipartition. If x, s strongly
adjacent to I', then either x, is adjacent to w or x, and w belong to
the same side of the bipartition.
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Type 2 Node z, has all its neighbors in V(T) and w = h. If z, is not
strongly adjacent to T, let p € V(T') be its neighbor. Then either p =k
orp € V'. If 2, is strongly adjacent to ', then either z, is adjacent to
worr, € V.

Type 3 Node z, has all its neighbors in V(S). If z,, is not strongly adjacent
to T, let p € V(S) be its neighbor. Then either p = 3 and w = h, or
p € V™. If z, is strongly adjacent to ', then either z, is adjacent to h
andw="h, orz, € V".

Type 4 Node w € V™ and z, is a strongly adjacent node of Type af2.1],
adjacent to nodes a and b.

Type 5 Node w = z, n = 2 and z2 is a strongly adjacent nede of Type
af2.1], adjacent to nodes a and b.

Type 6 Node w= h, n =2 and =, is a strongly adjacent node of Type b or
c[2.1], adjacent to ezactly two nodes in the set {i, j, k}.

Type 7 Node w = h and z, is a strongly adjacent node of Type b[2.1],
adjacent to the neighbor of v in ) and R.

Type 8 Node w € V° and z, is a strongly adjacent node of Type c[2.1]
adjacent to nodes j and k.

Type 9 Node w € V¢, n = 2 and z, is a strongly adjacent node of Type
df2.1] adjacent to a node in V(S) and one of the neighbors of w in
V(P).

Type 10 n = 2, node z; has only two neighbors p and ¢ in ', both belonging
to the same path P, S or T. Node p is adjacent to w and has degree 2
in T

Proof: If z, is a twin of a node d in ', then we consider the goggles I'*
obtained by substituting z, for d and X* = z,,...,z,-, for X. f n =2, i.e.
the path X™ contains a unique node, then by Remark 3.11 node z, is a twin
of a node of degree 2 in I', since z; is not adjacent to d. Let p and ¢ be the
neighbors of z, in I'. Nodes p and ¢ do not belong to V(Q)U V(R) otherwise
z, violates Theorem 2.1 in I'*. By Remark 3.11, node z; is not of Type a,
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b, c or d[2.1] in I'* nor a twin of h or z in [. Hence z; is a twin of a node
of degree 2 in I'*. This yields a path of Type 10. If n > 3 then in I'*, node
Z.-1 is not a strongly adjacent node.

Therefore we assume w.l.o.g. that z, is not a twin of a node in I'. There
are two cases to consider, depending upon whether z, is strongly adjacent
to I’ or not.

Case 1 Node z, is not strongly adjacent to T'.
If p € V(P) we have a Type 1 path.

Suppose p € V(T)\{h,v}. fw # i, h, replacing P by P* = z, Ppy,w, X, p,
Sby S* =u,S,h,Thy,p and T by T = p, Ty, v we have goggles with

a shorter top. If w = ¢, we must have p = k, for otherwise we have a
3PC(a,t). Now since z; # z,, we have a parachute with long top and
long sides. If w = h we have a Type 2 path.

Suppose p € V(Q)U V(R). Assume w.l.o.g. that p e V(Q). If p=a
and w # z there is a 3PC(a,v). Since p = a and w = z is impossible
by Lemma 1.2, it follows that p # a. If w # h,1, we have a 3PC(b,v).
If w=1, then p=v and h € N(v), for otherwise we have a 3PC(a,z).
But w =1, p = v and h € N(v) implies that G contains a parachute
with long top and long sides. If w = h, then h is in N(v), for otherwise
we have a 3PC(h,v). Furthermore p = v or p € N(v), ior otherwise
we have a 3PC(z,h). If p € N(v), G contains a parachute with long
top and long sides. Hence w = h implies that h € N(v), p = v and we
have a Type 2 path.

Suppose p € V(S). If p = u, then w = z, for otherwise there is a
3PC(u, h). But since z; # z,, p = v and w = z implies that G contains
a parachute with long top and long sides. Hence p # u. If w € V¢, then
w = 1, for otherwise we have a 3PC(w, h). Now w = ¢ implies that
p = j, for otherwise we have a 3PC(a,z). But since z; # z,, w = 1
and p = j implies that G contains a parachute with long top and long
sides. Hence w € V. If p € V7, then we have a Type 3 path. Now if
p € V¢, we have a 3PC(w,p), unless w = h and p = j in which case
we have a Type 3 path.

Case 2 Node z, is strongly adjacent to I
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Suppose z, is a twin of a node in I, say d. Then, modify I by replacing
d by z, and consider the direct connection X* = z,,z2,...,Zp-1. Now
it is possible that z, = z,_1, in which case, with respect to the modified
goggles I'*, z, is either a twin of a node in I'* or z, is a strongly adjacent
node of Type a, b, c, or d[2.1]. If z; # z,_1, with respect to I'*, we
have the various paths as in Case 1.

Suppose z, is not a twin of a node in I'. We now have four subcases.

Case 2.1 Node z, is a Type a[2.1] strongly adjacent node.

If z, is adjacent to z and u, by Lemma 1.2, w # z and we have a
3PC(u,h). Suppose z, is adjacent to a and b. If w € V", we have a
Type 4. If w € V°\ {2}, we have a 3PC(a,w). If w = z, by Lemma
1.2, z, is adjacent to z, and we have a Type 5 path.

Case 2.2 Node z,, is a Type b[2.1] strongly adjacent node.

Suppose z, is adjacent to i and j. By Lemma 1.2, w # 7. If w # h,
we have a 3PC(b, 7). Hence w = h and, by Lemma 1.2, z, is adjacent
to z, and we have a Type 6 path. Suppose z, is adjacent to the two
neighbors of v, one in @ and one in R. If w € V¢, thereis a 3PC(a,w).
Hence w € V. If w # h, we have connected squares. So w = h and we
have a Type 7 path.

Case 2.3 Node z, is a Type c[2.1] strongly adjacent node.

Suppose z,, is adjacent to k and . By Lemma 1.2, w # ¢. If w # &, we
have a 3PC(b, k). Hence w = h and, by Lemma 1.2, z; is adjacent to
z,, and we must have a path of Type 6.

Suppose z,, is adjacent to k and j. If w = h, by Lemma 1.2, z, is
adjacent to z,, and we must have a path of Type 6. If w € V"\ {h}, we
have a 3PC(w, k). Hence if w # h, then w € V¢ and we have a path
of Type 8.

Suppose z,, is adjacent to p € V(T)NN(v)and tot € (V(Q)UV(R))N
N(v). Assume w.lo.g. that t € V(Q)N N(v). If h € N(v), that is
h # p, or if h # w, we have a 3PC(z,t). So h = p = w and the path
h,z,,z,,...,x, violates Lemma 1.2.

Case 2.4 Node z, is a Type d[2.1] strongly adjacent node.
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Now V(Q) N N(z,) = 0, for otherwise we have a 3PC(z,,v). Hence
V(P)NN(z,) # 0. Let p and ¢ be the unique neighbors of z, in P and
S respectively. If p = w, we have z; = z, contradicting the assumption
n > 2. If p # w, then p € N(w), for otherwise we have a 3PC(z,, h).
Now z; must be adjacent to z, and we have a path of Type 9, for
otherwise we have a parachute with long top and long sides. O

5 Direct Connections from a Strongly Ad-
Jacent Node of Type d

Let w € V¢ be a Type d[2.1] node adjacent to p € V(P) and s € V(S).
Let W be the set of Type d[2.1} nodes, distinct from w, which are adjacent
to a node in P and a node in S. In the partial graph G \ {wp,ws}, let
X = z,...,z, be a direct connection between w and V(I') avoiding W.
W.l.o.g. suppose z, is adjacent to w and z, is adjacent to node t € V(I').

Lemma 5.1 In G\ {wp,ws}, every direct connection X between w and V(I')
avoiding W is one of the following types, see Figure 4.

Type 1 Node z, is a twin of p or s.

Type 2 Node z, is not strongly adjacent to I’ but z, is adjacent to t which
ts a neighbor of p or s in I’ or node z2 is a twin of a neighbor of p or
sinT.

Type 3 Node z, is not strongly adjacent to I' and its neighbor inT ist =p
or s.

Proof: Suppose first n = 1. Assume z; is strongly adjacent to I'. If z,
has two or three neighbors in the set {i, j, k}, there is an odd wheel with
center r,. Now it follows that x; must be a twin of p or s for otherwise there
is a 3PC(w, k). This yields a path of Type 1. If z, is not strongly adjacent
to I', t must be a neighbor of p or s for otherwise there is a 3PC(w, h). This
yields a path of Type 2.

Suppose now n > 2. There are two cases to consider. depending upon
whether z,, is strongly adjacent to " or not.

15
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Case 1 Node z, is not strongly adjacent to I'.

If t = p or s, we have path of Type 3. If ¢ is not adjacent to p or s
and t # p, s, there is a 3PC(w, h). If t is adjacent to p or s, we have a
parachute with long top and long sides.

Case 2 Node z, is strongly adjacent to T'.

Suppose z, is a twin of a node in T, say d. Then, modify I by replacing
d by z,, and consider the direct connection X* = r,,...,z,_1. If 2, =
Tn-1 then, with respect to the modified goggles, the path X* must be
of Type 2. By Lemma 3.10, w is adjacent to all the twins of p and s.
Now z, = z,-), otherwise there is a parachute with long top and long

sides or a 3PC(w, h).

Suppose z, is not a twin of a node in I'. There are four subcases.

Case 2.1 Node z, is a Type a[2.1] strongly adjacent node.
There is a 3PC(w, h).

Case 2.2 Node z, is a Type b[2.1] strongly adjacent node.
If z,, is adjacent to : and j, there is a 3PC(w, z,,). If z,, is adjacent to
the neighbors of v in Q and R, there is a 3PC(w, a).

Case 2.3 Node z, is a Type c[2.1] strongly adjacent node.

If z,, is adjacent to k and either 2 or j, there is a 3PC(w, z,,). If z,, is
adjacent to the neighbor of v in T and to a neighbor of v in Q or R,
there is a 3PC(w, a).

Case 2.4 Node z, is a Type d[2.1] strongly adjacent node.
There is a 3PC(w, h). O

6 Direct Connections from a Strongly Ad-
Jjacent Node of Type a

Let w € V¢ be a Type a[2.1] node adjacent to a and b. Let W(w) be the set
consisting of twins of a and b and Type a[2.1] nodes, but not nodes a, b and w.
In the partial graph G\ {wa,wb}, let X = z,,...,x, be a direct connection
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Figure >: Nirect Connections
from a Type a Node
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between w and V(I') avoiding W(w). W .l.o.g. suppose z; is adjacent to w
and z, is adjacent to t € V(T').

Lemma 6.1 In G\ {wa,wb}, every direct connection X between w and V(T')
avoiding W(w) is one of the following types, see Figure 5.

Type 1 Fither n = 1 and node z, is adjacent to u or z but not strongly
adjacent to I'. Or n =2 and node z; is a twin of u or z.

Type 2 Node z, is not strongly adjacent to T and t € V™ N (V(P)U V(S))
or node t, € V" is a twin of a node in V(P)U V(S).

Proof:

Case 1 Node z,, is not strongly adjacent to I'.

Ift = u or x then n = 1, for otherwise there is a violation of Lemma
1.2. This yields a path of Type 1. Supposet # u, z. If t = a or b
there is a violation of Lemma 1.2. If t € V(Q)U V(R) \ {a, b}, there is
a 3PC(a,v) or a3PC(b,v). If t € V(T)\ {h,v}, there are goggles with
a shorter top. If t € V(P)U V(S), it follows that ¢t € V" for otherwise
there a 3PC(a,t) or 3PC(b,t). This yields a path of Type 2.

Case 2 Node z,, is strongly adjacent to I'.

Case 2.1 n=1.

Suppose z; is a twin of a node in I'. If z, is a twin of A, then w is
a strongly adjacent node of Type f[2.1] in the goggles obtained from
I' by replacing h with z,, contradicting Theorem 2.2. So z; has two
neighbors in I'. If z, is adjacent to @ or R, there is a 3PC(a,v) or a
3PC(b,v). If z, is adjacent to T, there are goggles with a shorter top.
If z, is adjacent to P or S, there are goggles with a fewer nodes, unless
z; is adjacent to z or u. Suppose z, is adjacent to z or u. W.lo.g.
assume that z, is adjacent to z. Since z, is a twin of the neighbor of z,
say d, in P, from Lemma 3.2 it follows that w is adjacent to d. Then
w is a twin of z and not a Type a[2.1] node.

Suppose z; is a Type b[2.1] node. Since z, € V", z, is adjacent to the
neighbors i and j and there is a 3PC(a, ).
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Suppose z, is a Type c[2.1] node. W.l.o.g. assume z, is adjacent to ¢
and k. Then there is a 3PC(a,7).

Suppose z, is a Type d[2.1] node. We have a violation of Lemma 5.1.
Case 2.2 n > 2.

Suppose z,, is a twin of a node in ', say d. Then, we modify T by
replacing d by z,, and consider the direct connection X* = z,,...,Zn_;.
Now we are back to Case 1 with respect to the modified goggles.

Suppose z,, is not a twin of a node in I'. We have three subcases.

Case 2.2.1 Node z, is a Type b[2.1] strongly adjacent node.

If z, is adjacent to ¢ and j, there is a 3PC(a,1). If z, is adjacent to
the neighbors of v in @ and R, say t and t’, there are connected squares
with P =z, P, h,T,v; P, =w,z,,X,zn; Ps = a,Qa,t; Py = b, Ry, t'.

Case 2.2.2 Node z, is a Type c[2.1] strongly adjacent node.

If 2, is adjacent to k and 7 (j resp.), there is a 3PC(a,?) (3PC(a,j)
resp.). If 2, is adjacent to the neighbor of v in T and to a neighbor of
vin @ or R, there is a 3PC(a, x,) or a 3PC(b,z,).

Case 2.2.3 Node z, is a Type d[2.1] strongly adjacent node.

Lemma 5.1 is violated. O
Lemma 6.2 In G\ {wa, wb}, there ezists a direct connection of Type 2[6.1].

Proof: Suppose there exists a direct connection of Type 1[6.1] with node
r; adjacent to w and z or a twin of r. Then there does not exist a direct
connection of Type 1[6.1] with node y, adjacent to w and u or a twin of u,
otherwise there is an odd wheel with center a.

Assume w.l.o.g. that Type 1{6.1] paths, if they exist, have their unique
node adjacent to r or a twin of z. Consider the parachute with center node
r, middle path z, P,h, T, v, side paths Q and R and top path a,w,b. By
Corollary 1.1, there is a direct connection of Type d[3.3(111)] or d1[4.1(III)]
from the middle path of this parachute to w. Let Y = y,...,y, be this
direct connection, where y, is adjacent to w. If some node in {y,...,yn-1}
1s adjacent to a node in S, let y,, be such a node with the lowest index. Now,
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the path y;,..., ym must satisfy Lemma 6.1 and therefore it is of Type 2[6.1],
since no path of Type 1{6.1] is adjacent to a node of S by our assumption.
Hence, no node in {y;,...,yn-1} is adjacent to a node in S. Therefore, it
follows from Lemma 6.1 that Y is of Type 2[6.1]. O

Lemma 6.3 Suppose the top path T of T' is of length greater than 1. Let w
be a Type a[2.1] node adjacent to a and b, and let y be a Type a[2.1] node
adjacent to u and . Then w and y are adjacent.

Proof: Suppose w and y are not adjacent. By Lemma 6.2, there exist a
direct connection X = zi,...,z, of Type 2[6.1] from w to P or S, say P,
and a direct connection Y = y;,...,ym of Type 2[6.1] from y to @ or R, say
@. The only possible adjacency between a node in X and a node in Y is
between z, and y,, for otherwise there is a violation of Lemma 6.1. If z,, and
Ym are adjacent, there is a 3PC(h,v). If z, and y,, are not adjacent, there
is a 3PC(u,h). Hence w and y are adjacent. O

Lemma 6.4 Suppose the top path T of T is of length 1. If w is a Type a[2.1]
node adjacent to a and b, and y is a Type a[2.1] node adjacent to u and x but
not to w, then every direct connection X = z,,...,z, between w and V(I')
avoiding W(w) is of Type 2[6.1] and z, is adjacent to h. Similarly, every
direct connection Y = y1,...,ym between y and V(I') avoiding W (y) is of
Type 2[6.1] and y.. is adjacent to v. Furthermore x, and y,, are adjacent
and this is the only adjacency between a node of X and a node of Y.

Proof: By Lemma 6.2, there exists a direct connection Y = yy,...,¥m
of Type 2[6.1] from y and a direct connection X = z,,...,z, of Type 2[6.1]
from w. Suppose z, is adjacent to t # h in P or §, say in P. Since w and y
are not adjacent, the only possible adjacency between a node in X and a node
in Y is between z,, and y,, for otherwise there is a violation of Lemma 6.1. If
z,, and y,, are adjacent, there is a 3PC(a, z,). lf z, and y,, are not adjacent,
there is a 3PC(u, h). So z, must be adjacent to h. By symmetry, y,, must
be adjacert to v. It also follows that z,, and y,, are adjacent, otherwise there
is a 3PC(u, h).

Now suppose there exists a Type 1[6.1] direct connection with unique
node z; adjacent to w and z. Node z; is not adjacent to any of the nodes
in Y, otherwise there is a violation of Lemma 6.1. Now we have a violation
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of Lemma 1.2 for the following parachute. The top path is a,z,y, the side
paths are @ and y, Y, v, the center node is u and the middle path is u, S, A, v.
The extra path 1s z,z;,w,a. O

Lemma 6.5 Suppose w is a Type a[2.1] node adjacent to a and b, and y is
a Type a[2.1] node adjacent to u and x. Suppose w and y are adjacent. Let
N(T) be the set of nodes adjacent to at least one node of I'. In the partial
graph G\ {wy}, there cannot be a direct connection between w and y avoiding

V() U NI\ {w,y}.

Proof: By Lemma 6.2, there exist a direct connection X = z,,...,z, of
Type 2[6.1] from w to P or S, say P, and a direct connection ¥ = y1,...,¥Ym
of Type 2[{6.1] from y to Q or R, say Q. The only possible adjacency between
a node in X and a node in Y is between z, and y,, for otherwise there is a
violation of Lemma 6.1. If z,, and y,, are adjacent, there is a 3PC(y, z,).
Hence no node of Y is adjacent to a node in X. Assume that z, is adjacent
to p € P and y,, is adjacent to ¢ € Q. In the partial graph G\ {wy} suppose
there exists a direct connection L = [,... [, between w and y avoiding
V() U N(T') \ {w,y}. Now no node of L is adjacent to a node of ¥ or
X, otherwise there is a violation of Lemma 6.1. Now we have a violation
of Lemma 1.2 for the following parachute. The top path is b, w,y, the side
paths are R and y,v1,Y,Ym, ¢, @q.v, v, the center node is u and the middle
path is u, S, h,T.v. The extra pathis L. O

Lemma 6.6 Suppose w and w* are two Type a[2.1] nodes adjacent to a and
b. Suppose y is a Type a[2.1] node adjacent to u and . Suppose w* and
y are adjacent but w and y are not adjacent. Let N(I') be the set of nodes
adjacent to at least one node of I'. Then there cannot be a direct connection
between w and w* avoiding V(I') U N(T').

Proof: By Lemma 6.3, the top path T of I' must be of length 1. By
Lemma 6.4, there exist a direct connection X = x;,...,x, of Type 2{6.1]
from w to h and a direct connection Y = y,,...,ym of Type 2[6.1] from y
to v. Assume w.l.o.g that z, is adjacent to h and y,, is adjacent to v. By
Lemma 6.4, r, and ym are adjacent and this is the only adjacency between a
node in X and a node in }'. No node of Y is adjacent to w”, otherwise there
is a violation of Lemma 6.1. No node of X is adjacent to w*, otherwise there
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is a 3PC(y,z,). Now suppose there exists a direct connection L, between
w and w* avoiding V(I') U N(I'). Now we have a violation of Lemma 1.2
for the following parachute. The top path is b,w",y, the side paths are R
and y,y1,Y,ym, v, the center node is u and the middle path is u, S, h,v. The
extra path is b,w, L,w". O

7 Partition of the Neighbors of h

Assume w.l.o.g. that, if a Type b[2.1] node exists, there is one adjacent to 2
and j. If no Type b[2.1] node exists but a Type c[2.1] node exists, assume
w.l.o.g. that there is a Type c[2.1] node adjacent to ¢ and k.

Let Z(h) comprise

o the set of nodes h,1, 7, k, their twins relative to T',
o the nodes of N(h)

e the Type b[2.1] nodes adjacent to 7 and j,

e the Type ¢[2.1] nodes adjacent to 7 and k.

By Lemma 3.5 and Remarks 3.9 and 3.13, it follows that Z(h) is an
extended star.

Let y € N(h)\ 1,7,k be a node which not strongly adjacent to I'.

There must be a direct connection Y = y1,...,y, between y and V(I') \
{h,1,7,k} avoiding Z(h) \ {y}. Assume that y, is adjacent to y and y, is
adjacent to p € V(I') \ {h,7,5,k}. Note that the nodes y,,...,y, can be
adjacent to ,j or k but none is adjacent to two nodes in the set {z,j,k}.

Lemma 7.1 Suppose the top path T of I' is of length greater than 1. Every
direct connection Y = y,...,y, between y and V(') \ {h,i,j,k} avoiding
Z(h)\ {y} is one of the following types. see Figure 6.

Type 1 Node y, is adjacent to p € V(P)U V(S)\ {h,7,7} but is not of
Type a or d[2.1]. No node of Y is adjacent to k. If p € V(P) (V(S)

resp.), then no node of Y is adjacent to j (1 resp.).
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Type 2 Node y, is adjacent to a and b and no node of Y is adjacent to 1,
or k.

Type 3 Node y, is adjacent to p € V(T)\ {h,k} but is not of Type c[2.1],
or Y, is a Type b[2.1] node adjacent to the neighbors of v in Q and R.
If pe V(T)\ {h,k}, then no node of Y is adjacent to z or j. If y, is
a Type b[2.1] node, then no node of Y is adjacent to ¢,3,k.

Proof:

Case 1 Node y, is not strongly adjacent.

Suppose p € V(T)\ {h,k}. If Y has a node adjacent to 7 or j, there is
a 3PC(a,i) or a 3PC(a,j). Hence this yields a path of Type 3.

Suppose p € V(Q)U V(R)\ {v}. W.lo.g. assumep e V(Q)\ {v}. If
Y has a node adjacent to ¢ or j, there is a 3PC(a,1) or a 3PC(a,3). If
none of the nodes in Y is adjacent to k, there is a 3PC(h,v). So, let ¢
be the largest index such that y, is adjacent to k. If p € V7, there is a
3PC(k,p). So pis not adjacent to v and there are goggles with a shorter
top path &, k obtained from T by re~lucing Q by a, Qaps P Yn, Yynyer Yts K
and R by b, R, v, Ty, k.

Suppose p € V(P)UV(S)\{h,i,7}. W.lLo.g. assume p € V(P)\ {h,¢}.

If any of the nodes in Y it «ljacent to 7 or k, there is a 3PC(a, ) or
3PC(a,k). This yields a path of Type 1.

Case 2 Node y,, is strongly adjacent.

Case 2.1 Node y,, is a twin of a node of .

Suppose y, is a twin of d € V(I'). If n = 1, it follows that y; must be
adjacent to 1, j or k, for otherwise replacing d by y; yields a violation of
Theorem 2.2. If y, is adjacent to k, we get a path of Type 3, otherwise
we get a path of Type 1. If n > 2, replacing d by y,, we are back in
Case 1 with respect to the modified goggles.

Case 2.2 Node y, is a Type a{2.1] node.

Suppose y, is adjacent to ¢ and u. There is a contradiction to Lemma
6.1, irrespective of whether any of the nodes in Y is adjacent to 2,7 or
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Suppose y, is adjacent to a and b. If any of the nodes in Y is adjacent
to 2,7 or k, we have a violation of Lemma 6.1. Otherwise we have a
Type 2 path.

Case 2.3 Node y, is a Type b[2.1] node adjacent to the neighbors of v in Q
and R.

No node in Y is adjacent to i or j, otherwise there is a 3PC(a,1) or
3PC(a,7)- Now no node in Y is adjacent to k, otherwise there is a
3PC(p, k). This yields a path of Type 3.

Case 2.4 Node y, is a Type c[2.1] node adjacent to the neighbors of v in @
and T.

No node in Y is adjacent to ¢ or j, otherwise there is a 3PC(a,?) or
3PC(a,3). Assume p € V(Q). Now there is a 3PC(p, z), irrespective
of whether a node of Y is adjacent to k or not.

Case 2.5 Node y, is a Type d[2.1] node.

There is a violation of Lemma 5.1. O

Lemma 7.2 Suppose the top path T of I' is of length greater than 1.

o If there exists a Type 1[7.1] direct connection between y and V(I') \
{h,1,5,k} avoiding Z(h) \ {y}, there exists one, say X = xy,...,Tn
such that no node in the sel {z1,...,2m-1} is adjacent to i,5 or k.

o If there exists a Type 3[7.1] direct connection between y and V(T') \
{h,%,j,k} avoiding Z(h) \ {y}, there ezists one, say X = x,,...,Tpm
such that no node in the set {z,,...,zm-1} s adjacent to 1,5 or k.

Proof: To prove the first part of the lemma, let Y = y,,...,y, be a direct
connection of Type 1{7.1]. Assume w.l.o.g. that y, is adjacent to p € V(P).
If y, is a twin of a node d in I, then replace d by y,,. So we assume w.l.o.g.
that y, is not strongly adjacent to I'. If the nodes of Y are not adjacent
to node 1, the result follows from Lemma 7.1. If node ¢ has two or more
neighbors in Y, there is a wheel with center ;. So node i has exactly one
neighbor in Y, say y;, and node p is not adjacent to z. If [ > 1, there is a
parachute with long top and long sides: the middle node is 7, the side nodes
are h and y;, the bottom node is p. So | = 1 and Corollary 1.1 can be applied
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to the parachutes with top path h,y,y; and middle path P;,, the subpath of
P connecting i to p. There exists a direct connection X of Type d{3.3(III)]
or d1[4.1(III)], connecting V(P;,) to node y. The various possible choices for
the side path connecting k to p imply that V(X) and V(T') \ V(FP;;) do not
have common or adjacent nodes. This proves the result. The second part of
the lemma is proved by an analogous argument. O

Lemma 7.3 Suppose the top path T of I' is of length 1. Every direct con-
nection Y = y1,...,yn between y and V(T) \ {h,1,J,k} avoiding Z(h) \ {y}
is one of the following types, see Figure 7.

Type 1 Node y, is adjacent to p € V(P)U V(S)\ {h,%,5} but is not of
Type a or df2.1]. No node of Y is adjacent to v. If p € V(P) (V(S)
resp.), then no node of Y is adjacent to j (i resp.).

Type 2 Node y, is adjacent to a and b and no node of Y is adjacent to 1,
orv.

Type 3 Node y, is adjacent to x and u and no node of Y is adjacent to,j.
Node y, 1s the unique node of Y adjacent to v.

Proof:

Case 1 Node y, is not strongly adjacent.

Suppose p € V(Q)U V(R) \ {v}. W.lo.g. assume p € V(Q)\ {v}. If
Y has a node adjacent to i or j, there is a 3PC(a,?) or a 3PC{a,y).
One of the nodes in Y is adjacent to v, otherwise there is a violation of
Lemma 4.1. Now node p is not adjacent to v for otherwise we have a
wheel with v as center. Let y; be the unique node of Y which is adjacent
to v. If t # 1, there is a parachute with long top h,y,yi1, Yy, 41, side
paths P and yt, Yyiyns Yn, P, @pe, @, T, center node v and middle path
v, R, b, . Now consider the above parachute I1; where ¢t = 1. Applying
Corollary 1.1, there exists a path X = z4,...,z, of Type d[3.3(III)] or
d1[4.1(I11)] relative to I1; where z,, is adjacent to a node in V(R)\ {v}.
No node of X can be adjacent to a node of S for otherwise there 1> a
violation of Corollary 1.1 applied to the parachute II, obtained from
I1, by replacing the side path P by S and the bottom node z by u. It
follows that the path X violates Lemma 4.1.
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Figure 7: Direct Connections from a
Neighbor of h. (Short Top)
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Suppose p € V(P)UV(S)\{h,1,7}. W.lo.g. assume p € V(P)\ {h,3}.
If any of the nodes in Y is adjacent to j or &, there is a 3PC(a,j) or
3PC(a,k). This yields a path of Type 1.

Case 2 Node y, is strongly adjacent.

Case 2.1 Node y,, is a twin of a node of T.

Suppose n = 1. Let y,, be a twin of d € V(I'). Node y; must be
adjacent to 7, or v, for otherwise replacing d by y; yields a violation
of Theorem 2.2. If y; is adjacent to ¢ or j, we have a Type 1 path.
Suppose y; is adjacent to v. Using parachutes II; and II; as in Case 1
above, we get a violation of Lemma 4.1.

If n > 2, replacing d by y,,, we are back in Case 1 with respect to the
modified goggles.

Case 2.2 Node y, is a Type a[2.1] node.

Suppose y,, is adjacent to z and u. No node of Y is adjacent to ¢ or j for
otherwise there is 3PC(yn,1) or a 3PC(yn, 7). Now a node of Y must be
adjacent to v otherwise there is a violation of Lemma 6.1. Let y, be the
unique node of Y which is adjacent to v. If t # 1, there is a parachute
with long top &, y,y1, Yy, v, e, side paths P and y, Yy, yn, T, center
node v and middle path v, 2,b,z. Hence t = 1. This yields a path of
Type 3.

Suppose y, is adjacent to a and b. If any of the nodes in Y is adjacent
to 7,7 or v, we have a violation of Lemma 6.1. Otherwise we have a
Type 2 path.

Case 2.3 Node y, is a Type b[2.1] node adjacent to the neighbors of v in @
and R.

By Lemma 3.5, no such node y, exists since |T| = 1.

Case 2.4 Node y, is a Type c[2.1] node adjacent to the neighbors of v in Q
and 7.

Type c[2.1! nodes belong to Z(h) and therefore this case cnnot occur.

Case 2.5 Node y, is a Type d[2.1] node.

There is a violation of Lemma 5.1. O
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Lemma 7.4 Suppose the top path T of I is of length 1 and there is a direct
connection Y = yy,...,yn of Type 3[7.3] fromy € N(h)\ H, where y,, is
adjacent to x and u. Then there exists a direct connection X = z,,...,Zm
of Type 2[7.3] from y, where ., is adjacent to a and b. Moreover, z,, is not
adjacent to y, and no node of Y is coincident with or adjacent to a node of

X.

Proof: By Lemma 7.3, y; is adjacent to v. Now consider the parachute
with top path h,y,y:, side paths P and y,, Y,,,,,z, center node v and mid-
dle path v,Q,a,z. By Corollary 1.1, there must be a Type d[3.3(III)] or
Type d1[4.1(I11)] direct connection X = z,...,z,, from node y to a node of
V(Q)\ {v}. Therefore, node z,, is not adjacent to y,. No node of X can be
adjacent to S. Furthermore, r,, must be adjacent to a and b and no node of
Y is coincident with or adjacent to a node of X, otherwise there is violation
of Lemma4.1. O

Definition 7.5 If the top path T of T has length greater than 1, let

Nps(h) = {y € N(h)\ H : there is a Type 1 or Type 2[7.1] direct connec-
tion fromy to V(T') \ {h,t,3,k} avoiding Z(h)\ {y}},

Ngr(h) = {y € N(h)\ H : there is a Type 3[7.1] direct connection from
y to V(T)\ {h,4,5,k} avoiding Z(h)\ {y}}.

If the top path T of ' has length 1, let

Nps(h) = {y € N(h)\ H : there is a Type 1 or Type 2[7.3] but not
Type 3(7.3] direct connection fromy to V(I')\{h,1,7, k} avoiding Z(h)\{y}}.

Nor(h) = {y € N(h)\ H : there is a Type 3[7.3] direct connection from
y to V(I')\ {A,4,5,k} avoiding Z(h)\ {y}},

Lemma 7.6 Ify € Npg(h), then y & Nor(h).
Proof: There are two cases to consider depending on the length of T'.

Case 1 |T| > 1.

Suppose the lemma is false, i.e. there exists a y in Npgs(h) and Nog(h).
Let X = xy,...,z, be a Type 1 or 2{7.1] path and ¥ = y,,...,ym be
a Type 3[7.1] path. There are two subcases.




Case 1.1 X is a Type 1[7.1] path.

W .l.o.g. assume that z, is adjacent top € V(S)\{k,j}. By Lemma7.2,
we can assume w.l.o.g. that z;,...,z,,_; are not adjacent to node j. If
z, is a twin of a node d in I, replace d by z,, and X by z;,...,Zm-1.

If a node of X is coincident with or adjacent to a node of Y , there
is a path from p to &k or from p to g violating Lemma 4.1. Hence no
node of X is coincident with or adjacent to a node of Y. Now there is

a3PC(a,y).

Case 1.2 X is a Type 2[7.1] path.
Node z, is a Type a[2.1] node adjacent to a and b.

If a node of X is coincident with or adjacent to a node of Y, there is a
violation of Lemma 6.1. Now there is a 3PC(a,y).

Case 2 [T|=1

Suppose the lemma is false. Let X be a Type 1{7.3] path and ¥ =
Y1,---,Ym be a Type 3[7.3] path where y,, is adjacent to z and u.
There cannot be a node of X adjacent to a node of Y otherwise there
is a violation of Lemma 4.1. Now there is a 3PC(ym,y).

By the definition of Npg(h), if y € Nps(h), then y cannot have a Type
3({7.3] path. O

Corollary 7.7 Ify € Nps(h) then there cannot be a direct connection Y =
Y1, .- Ym, between y and V(I')\ {h,i,j} avoiding Z(h) \ {y,k}, such that
Ym is adjacent to k. If y € Ngp(h) then there cannot be a direct connection
X =1z,...,2,, between y and V(T) \ {h,k} avoiding Z(h) \ {y,1,7}, such

that z,, is adjacent to 1 or j.

Proof: Suppose the contrary. Then there exists a direct connection ¥ =
Y1,-.-+Ym, between y € Npg(h) and V(T') \ {h,1,j} avoiding Z(h) \ {v, k],
such that y,, is adjacent to k. If y,, is strongly adjacent to T, it follows that
Yym must be a twin of the neighbor of k, say t # h in T. Then y € Nggr(h)
and there is a violation of Lemma 7.5. Hence y,, is not strongly adjacent
to . Since Z(h) is an extended star but not a cutset, there must be a
direct connection L = [,.... [, from V(YY) to V(') \ {h,,j,k} avoiding
Z(h). Assume w.lo.g. that [, is adjacent to p € V(I')\ {h.7,7,k}. If
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pe V(T)UV(Q)UV(R)\ {h,k}, the nodes in V(Y)U V(L) induce a direct
connection, between y € Npg(h) and V(T') \ {h,1,5,k} avoiding Z(k) \ {y},
that violates Lemma 7.5. If p € (V(P)U V(S))\ {h,7,7}, the nodes in
V(Y)U V(L) induce a path from p or from i or from j that violates Lemma
4.1. This completes the proof of the first part of the Corollary. The proof of
the second part is identical. O

Corollary 7.8 Suppose y € Nps(h) and w € Ngr(h). Let N(T') be the set
of nodes adjacent to at least one node in I'. Then there cannot be a direct
connection between y and w avoiding V(I') U N(T') \ {y,w}.

Proof- Suppose the contrary. Then there exists a direct connection ¥ =
Y1, ..., Ym, between y and w avoiding Z(h)\{y,w}. Since Z(k) is an extended
star but not a cutset, there must be a direct connection L = [y,...,I; from
V(Y) to V(I')\ {k,¢,j, k} avoiding Z(h). Assume w.l.o.g. that [, is adjacent
top € V(I)\ {h,i,5,k}. i pe V(T)UV(Q)U V(R)\ {h, k}, the nodes in
V(Y) U V(L) induce a direct connection, between y € Nps(h) and V(I') \
{k,i,7,k} avoiding Z(h) \ {y}, that violates Lemma 7.6. If p € (V(P)U
V(8))\ {k,4,7}, the nodes in V(Y) U V(L) induce a path from w € Nor(h)
to V(I)\ {h,1,5,k} avoiding Z(h) \ {w}, that violates Lemma 7.6. O

Lemma 7.9 Assume that h has at least one twin in T and let hy,..., hy be
its twins. If the top path T of T has length greater than I, then exactly one
of the following holds:

(1) Nps(h) = Nps(hy) fort =1,2,...,q.
(ll) NQR(}Z) = NQR(ht) fort=1,2,...,q.

Proof: We first prove that Nps(h) = Npgs(h,) or Nor(h) = Ngr(hy) holds for
t=1,2,...,q. Suppose the contrary. Then there exists a twin hy, 1 <t < g,
such that Npg(h) # Nps(h,) and Ng=(h) # Ngr(h:).

Claim 1 Ify € Nps(h) and y € Nps(h,) then y is not a neighbor of h,.

Proof of Claim 1: By Definition 7.5, there exists a Type 1 or Type 2[7.1]
direct connection ¥ = y;....,ym from y to V() \ {h, 1,7, k} avoiding Z(h)\
{y}. Assume w.l.o.g. that y; and y are adjacent. Suppose y is a neighbor of
h,. Now no node of Y is adjacent to h,. otherwise there is a wheel with center
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h:. So Y is of Type 1 or 2[7.1] in the goggles obtained from I' by replacing
h by h,, contradicting the hypothesis that y & Nps(k,). This completes the
proof of Claim 1.

The proof of the following claim is identical to the previous one.
Claim 2 Ify € Ngr(h) and y € Ngor(h:) then y is not a neighbor of h,.

Claim 3 There ezxist two nodes y and w satisfying one of the following
properties:

e y € Nps(h), y & Nps(he), w € Nor(hi) and w & Nor(h).
e yE Nps(hg), Yy ¢ Nps(h), w € NQR(h) and w é NQR(ht).

Proof of Claim 3: Assume w.l.o.g. that there exists a node, say d, in
Nps(h) and d € Nps(h;). Suppose there is no node which is in Nggr(h.) and
not in Ngr(h). Now since Nggr(h) # Ngr(h.), there must be a node, say
f € Ngr(h) and f € Ngr(h:). Moreover Ngr(h:) C Ngr(h). Now there
must be a node, say g, which is a neighbor of h; and not a neighbor of h,
otherwise N(h) U {h} is a star cutset of G separating h, from V(G) \ {h.}.
Now it follows that ¢ € Nps(h,) and g € Npg(h). Nodes f and g prove
Claim 3.

Let f and g be two nodes such that f € Nggr(h), and f € Ngr(h:),
g < Nps(hg) and g ¢ Nps(h).

By Definition 7.5, there exists a Type 3[7.1] direct connection X =
Ti,...,&n from f to V(T') \ {h,i,7,k} avoiding Z(h) \ {f}. Let I'* de-
note the goggles obtained from I' by replacing A with h,. By Definition
7.5, there exists a Type 1 or Type 2[7.1] direct connection Y = y1,...,ynm
from ¢ to V(I'*) \ {h4,?,7,k} avoiding Z(h,) \ {9}. By Lemma 7.2, we can
assume w.l.o.g. that the nodes ¢,; and k are not adjacent to x,,...,Z,-; or
Y1s---+Ym-1. Furthermore, if Y is of Type 1{7.1], assume w.l.o.g. that y,, is
adjacent to V(S5).

Suppose node y., is adjacent to a node in X. Now there is a violation of
Lemma 4.1 or Lemma 6.1 depending upon whether Y is a Type 1 or Type
2[7.1] direct connection. Hence node y,, is not adjacent to a node in X.
No node of Y is adjacent to a node of X, otherwise there is a violation of
Lemma 7.6 irrespective of whether or not h and h; have neighbors in Y and
X respectively.




Case 1 No node of Y is adjacent to h and no node of X is adjacent to h,.

Now there is a 3PC(a,1) irrespective of whether Y i1s a Type 1 or Type
2{7.1] direct connection.

Case 2 A node y; of Y is adjacent to 2 but no node of X is adjacent to h,.

Since Z(h) is an extended star but not a cutset, there exists a direct
connection W = w;,...,w, from {g,y1,...,y-1} to V() \ {h,¢,4,k}
avoiding Z(h). W.l.o.g. assume w;, is adjacent to V(I') \ {&,1,3,k}. If
no node of W is adjacent to h, then, by Lemma 7.6 applied to node g,
V(Y)U V(W) induces a Type 1 or 2[7.1} direct connection and we are
back in Case 1. Let w, be the node of W with largest index which is
adjacent to node k. If w,y,,...,w, is a direct connection of Type 1 or
2[7.1] from node w, then, replacing g by w,, we are back to Case 1. If
Wr41,-- ., Wy 1s a direct connection of Type 3[7.1] from node w, then,
replacing g by w, and f by y;, we are back to Case 1.

Case 3 A node of X is adjacent to h, but no node of Y is adjacent to h.

The proof is analogous to Case 2.

Case 4 A node of Y is adjacent to h and a node of X is adjacent to h,.
There is a 3PC(a,1).

Thus Nps(h) = Nps(hy) or Nor(h) = Ngr(h:) holds for t =1,2,...,4.

Now repeating the same argument with h replaced by one of its twins,
say h,, it follows that Nps(h,) = Nps(h;) or Nor(hs) = Ngr(h:) for every
pair of twins h, and h,.

Now if the lemma is false we have that for some pair of twins s and
t, Nps(h) # Nps(h) and Nggr(h) # Nor(h,). It follows that Npg(h) =
Nps(hs) # Nps(h,) and NQR(h) = NQR(ht) # Ngr(hs), a contradiction.

Now if both (z) and (7¢) hold, N(h)U {h} is a star cutset of G separating
the twins of A, from the rest of the graph. This completes the proof of the
lemma. O

Lemma 7.10 Suppose hy, ..., h, are the twins of h in T'. If the top path has
length 1, then Ngr(h) = Ngr(hy) fort=1,...,q.
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Proof: Suppose the lemma is false. Then there exists a twin k¢ of h such that
Ngr(h) # Nggr(hy). Assume w.l.o.g. that there exists a node y in Nggr(h)
but not in Nggr(h:). By Lemma 7.4 and Definition 7.4, there exists a Type
3[7.1] direct connection Y and a Type 2[7.1] direct connection X from y to
V(T)\ {h,1,3,k} avoiding Z(h) \ {y}. Moreover no node of Y is coincident
with or adjacent to a node of X. Now consider the goggles I'* obtained from
I' by replacing h with h,. No node of Y is adjacent to h;, otherwise there is
a Type 3[7.1] path that violates Lemma 7.3. Now y and h, are not adjacent,
otherwise y € Ngr(h:). No node of X is adjacent to hy, otherwise there is a
Type 3[7.1] path that violates Lemma 7.3. Now the nodes in X and Y induce
a direct connection from a Type af2.1] node that violates Lemma 6.1.0

8 Direct Connections from a Node of Type b

Let w € V" be a Type b[2.1] node adjacent to 7 and j. Let W be the set of
Type b{2.1] nodes a7i- ‘ent to ¢ and j, but distinct from w. In the partial
graph G \ {wi,v)! et X = z,;,...,z, be a direct connection between w
and V(I') avolui o W. Assume w.l.o.g. that z; is adjacent to w and z, is
adjacent to | € V(I').

Lemmnia 8.1 In G\{wi,wj}, every direct connection X between w and V(I'),
ave.ding W is one of the following types, see Figure 8.

I'ype 1 Node z, s adjacent to h but not strongly adjacent to T.

Type 2 Node z,, is not strongly adjacent to ¥ andt € VNV(T) orz, € V¢
is a twin of a node in V(T).

Proof: There are two cases:

Case 1 Node z, is not strongly adjacent to I'.

If t = h, then n = 1, otherwise there is a violation of Lemma 4.1. This
yields a path of Type 1. Suppose t # h. If t € V(P)U V(S), there is
a violation of Lemma4.1. If t € V(T) N V¢, we have a path of Type 2.
Ift e V(T)NVT, thereis a 3PC(:,t). If t € V(Q)U V(R) \ {v}, there

is a violation of Lemma 4.1.
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Case 2 Node z,, is strongly adjacent to ['.

Suppose z, is a twin of a node d in I'. Then modify I' by replacing d
with z, and consider the direct connection X* = zy,...,z,-;. Note
that n > 2, otherwise w is a strongly adjacent node that violates The-
orem 2.2 with respect to the modified goggles. Now, with respect to
the modified goggles, we are back to Case 1.

Suppose z,, is not a twin of a node in I'.

If z,, is a Type a[2.1] node, there is a violation of Lemma 6.1. If z,
is a Type d[2.1] node, there is a violation of Lemma 5.1. If z, is a
Type b[2.1] node, adjacent to ¢ € V(Q)N N(v) and r € V(R) N N(v),
there is a 3PC(i,q). Suppose z. is a Type c[2.1] node. Then, by
Lemma 3.5, node z,, must be adjacent to t € V(T) N N(v) and to
either ¢ € V(Q)N N(v) or r € V(R)N N(v). Now there is a 3PC(1,1t).
O

Corollary 8.2 Suppose w is a Type b[2.1] node adjacent to i and j. Then
there must ezist a Type 2[8.1] direct connection X = z, ...z, between w and
V(T) such that z,, is not adjacent to k and z, is not a twin of k.

Proof: Apply Corollary 1.1 to the parachute with top path z,w,, side
paths ¢, P,;,z,a and j, S;,.u,a, center node h and middle path 2, T,v,Q,a.
Let X = x,...,z, be the resulting path of Type d[3.3(II)] or d1[4.1(III)].
Assume w.l.o.g. that z, is adjacent to w. No node of X is adjacent to a
node in R, otherwise there is a violation of Lemma 8.1. Now node z, is not
adjacent to k and z, is not a twinof k. O

Lemma 8.3 Suppose y € Npgs(h) and there exists a Type b[2.1] node adja-
cent to 1 and j. Then node y is adjacent to all Type b[2.1] nodes that are
adjacent to i and j. Moreover y is adjacent to all the twins of h.

Proof: Suppose y € Nps(h) is not adjacent to node w , a Type b[2.1]
node adjacent to ¢ and j. By Lemma 3.6, the top path T of I is of length
greater than one. Let X = r,....,z,, be a Type 2[8.1] direct connection
between w and V(I') \ {k.7,j,k}. Assume w.lo.g. that z, is adjacent to
t € V(T)\ {h.k}. Note that by Corollary 8.2 such a direct connection must
exist. No node of X is adjacent to h*, a twin of h, otherwise there is a whecl
with h* as center. Let Z(h) comprise:

32




e The set of nodes h,1,7,k and their twins relative to I
e The nodes of N(h).
e The Type b[2.1] nodes adjacent to : and j.

Note that, by Lemma 3.5, there cannot be a strongly adjacent node of
Type c[2.1] adjacent to k and either z or j.

Now by Definition 7.5, there must be a Type 1 or Type 2[7.1] direct
connection Y = y;,...,yn between y and V(I') \ {h,14,j, k}, avoiding Z(h) \

{y}.

There are two cases:

Case 1 Direct connection Y is of Type 1[7.1].

Assume w.l.o.g. that y, is adjacent to p € V(S)\ {h,j}. Nodes y,
and r,, are not adjacent, otherwise there is a violation of Lemma 4.1.
By Lemma 7.1, no node of Y is adjacent to k or :. No node of Y is
adjacent to a node of X, otherwise there is a violation of Lemma 7.6
or Lemma 8.1. Now there is a 3PC(a,t). Hence w and y are adjacent.

Suppose now y is not adjacent to ~*, a twin of . No node of Y is adja-
cent to h*, otherwise there is a 3PC(a,t). Now there is a 3PC(w, z,.)
or a 3PC(w,t) depending on whether z,, is a twin of a node in T or
not. Hence y and h* are adjacent.

Case 2 Direct connection Y is of Type 2[7.1].
Assume w.l.o.g. that y, is a Type af[2.1] node.

By Lemma 7.1, y, is adjacent to a and b and no node of Y is adjacent
to ¢,j or k. Nodes y, and z,, are not adjacent, otherwise there is a
violation of Lemma 6.1. No node of Y is adjacent to a node of X,
otherwise there is a violation of Lemma 7.6 or Lemma 8.1. Now there
is a 3PC(a,1). Hence w and y are adjacent.

Suppose now y is not adjacent to h*, a twin of h. No node of Y is adja-
cent to h*, otherwise there is a 3PC(a,7). Now there is a 3PC(w, z,,)
or a 3PC(w,t) depending on whether z,, is a twin of a node in T or
not. Hence y and A" are adjacent.

This completes the proof of the lemma. O
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Remark 8.4 Sv jose there exists a Type b[2.1] node adjacent to 1 and j.
Let hy ..., h, be the twins of k. Then by Lemma 8.3, Nps(h) = Nps(h,) for
t=1,2,...,q.

9 Direct Connections from a Node of Type c

Let w € V™ be a Type c[2.1] node adjacent to k and adjacent to either 1
or j. Assume w.l.o.g. that w is adjacent to . Let W be the set of Type
c[2.1] nodes adjacent to k and ¢ but distinct from w. In the partial graph
G\ {wk,wi}, let X = z4,...,z, be a direct connection between w and V(I')
avoiding W. Assume w.l.o.g. that z, is adjacent to w and z,, is adjacent to

te V(T).

Lemma 9.1 In G\{wk,wi}, every direct connection X between w and V(I'),
avoiding W s one of the following types, see Figure 9.

Type 1 Node z, is adjacent to h but not strongly adjacent to T'.

Type 2 Node z, is not strongly adjacent tol’ andt € V°NV(S) orz, € V°©
is a twin of a node in V(S).

Type 3 Node z, is a Type c[2.1] node. The top path T of T is of length 1.
Node z, is adjacent to h and to the node in V(Q)NN(v) or to the node
in V(R) N N(v).

Proof: There are two cases:

Case 1 Node z, is not strongly adjacent to I'.

Ift =k, then n = 1, otherwise there is a violation of Lemma 4.1. This
yields a path of Type 1. Suppose t # h. If t € V(Q)U V(R), thereis a
violation of Lemma4.1. If t € V(S) then t € V¢ and we have a path of
Type 2, otherwise there is a violation of Lemma 4.1. If t € V(P) there
is a violation of Lemma 4.1. If t € V(T)\ {h, k}, there is a 3PC(a,1).
By Lemma 1.2, t # k.

Case 2 Node z, is strongly adjacent to I'.

Suppose z, is a twin of a node, say d, in . Then modify I" by replac-
ing d with z,, and consider the direct connection X* = z,,...,Zn_;.
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Note that n > 2, otherwise w is a strongly adjacent node that violates
Theorem 2.2 with respect to the modified goggles. Now, with respect
to the modified goggles, we are back to Case 1.

Suppose z,, is not a twin of a node in I'. If z,, is a Type a[2.1] node,
there is a violation of Lemma 6.1. If z,, is a Type d[2.1] node, there is a
violation of Lemma 5.1. If z, is a Type b[2.1] node then, by Lemma 3.5,
node z, is adjacent to ¢ € V(Q)N N(v) and r € V(R) N N(v). Now
there is a violation of Lemma 8.1. Suppose z, is a Type c[2.1] node.
Then, by Lemma 3.5, node z, must be adjacent to t € V(T) N N(v)
and to either ¢ € V(Q) N N(v) or r € V(R) N N(v). Assume w.l.o.g.
that z, is adjacent to ¢q. If the top path T of T is of length greater
than 1 there is a 3PC(x, ¢). Suppose the top path T of I is of length
1. Now, by Lemma 3.11, w and z,, are adjacent. Hence n = 1 and we
have a path of Type 3. O

Corollary 9.2 Suppose w is a Type c[2.1] node adjacent to k and i. Then
there must ezist a Type 2[9.1] direct connection X = z, ...z, between w and
V(T') such that z, is not adjacent to j and z, is not a twin of j.

Proof: Apply Corollary 1.1 to the parachute with top path k,w,z, side
paths k, Tk, v,Q,a and 7, P, 7, a, center node h and middle path k, S, u,a.
Let X = z;...,z, be the resulting path of Type d[3.3(III)] or d1[4.1(III)].
Assume w.l.o.g. that z; is adjacent to w. No node of X is adjacent to a
node in R, otherwise there is a violation of Lemma 9.1. Now node z,, is not
adjacent to 7 and z, is not a twin of 7. O

Lemma 9.3 Suppose y € Nor(h) and a Type c¢[2.1] node that is adjacent to
k and i ezists. Then y is adjacent to all Type c[2.1] nodes that are adjacent
to: and k. Moreover y is adjacent to all the twins of h.

Proof: Suppose y € Nggr(h) is not adjacent to w , a Type c[2.1] node
adjacent to k and i. Let X = z,,...,z,, be a Type 2[9.1] direct connection
between w and V(T') \ {h,%,7,k}. Assume w.lo.g. that z,, is adjacent to
t € V(I')\ {h,%,j,k}. Note that by Corollary 9.2 such a direct connection
must exist. No node of X is adjacent to h*, a twin of h, otherwise there is a
wheel with h* as center. Let Z(h) comprise:

e The set of nodes h,z, 7, k and their twins relative to T'.
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e The nodes of N(h).
e The Type c[2.1] nodes adjacent to k and .

Note that, by Lemma 3.5, there cannot be a Type c[2.1] node adjacent to
k and j and there cannot be a Type b[2.1] node adjacent to ¢ and j. There
are two cases.

Case 1 The top path T is of length greater than 1.

Now by Definition 7.5, there must be a Type 3[7.1] direct connection
Y = y1,...,yn between y and V(') \ {A,¢,73, k}, avoiding Z(h) \ {y}.

There are two subcases.

Case 1.1 Node y, is adjacent to p € V(T) \ {h, k}.

Nodes y, =nd z, are not adjacent, otherwise there is a violation of
Lemma 4.1. By Lemma 7.1, no node of Y is adjacent to z or 7. No
node of Y is adjacent to a node of X, otherwise there is a violation of
Lemma 7.6 or Lemma 9.1. Now there is a 3PC(a,t). Hence w and y
are adjacent.

Suppose now y is not adjacent to h*, a twin of h. No node of Y is adja-
cent to h*, otherwise there is a 3PC(a,?). Now there is a 3PC(w, z,,)
or a 3PC(w,t) depending on whether z,, is a twin of a node in S or
not. Hence y and A" are adjacent.

Case 1.2 Node y, is a Type b[2.1] node.

By Lemma 7.1, y, is adjacent to ¢ € V(Q)NN(v)and r € V(R)NN(v)
and no node of Y is adjacent to 7, j or k. Nodes y, and z,, are not
adjacent, otherwise there is a violation of Lemma 8.1. No node of Y is
adjacent to a node of X, otherwise there is a violation of Lemma 7.6
or Lemma 9.1. Now there is a 3P(C(a,?). Hence w and y are adjacent.

Suppose y is not adjacent to h*, a twin of h. No node of Y is adjacent
to h*, otherwise there is a 3PC(a,1). Now there is a 3PC(w,z,,) or a
3PC(w,t) depending on whether X,, is a twin of a node in S or not.
Hence y and h* are adjacent.

Case 2 The top path is of length 1.
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Now by Definition 7.5, there must be a Type 3{7.3] direct connection
Y = y1,...,yn between y and V(I') \ {h,4,7, k}, avoiding Z(h) \ {y}.
Assume w.l.o.g that y; is adjacent to y. By Lemma 7.3, y, is adjacent
to z and u and no node of Y is adjacent to i or j. Moreover, y; is the
unique node of Y adjacent to v. Nodes z,, and y, are not adjacent,
otherwise there is a violation of Lemma6.1. No node of Y is adjacent to
a node of X, otherwise there is a violation of Lemma 6.1 or Lemnma 4.1.
Now there is a violation of Lemma 1.3. Hence w and y are adjacent.
By Lemma 7.10, y is adjacent to all the twins of h. This completes the
proof of the lemma. O

Remark 9.4 Suppose there exists a Type c[2.1] node adjacent io k and 1.
Let hy ..., hy be the twins of h. Then by Lemma 9.3, Nor(h) = Ngr(h;) for
t=1,2,...,q.

10 2-Join Theorem

In this final section of the paper we prove a 2-join theorem.

Theorem 10.1 Suppose G is a bipartite graph that is signable to be balanced,
contains goggles and does not contain a wheel, connected squares, a connected
6-hole, an Ryo configuration or an eztended star cutset. Then G contains
goggles Go(P,Q, R,S,T) and a 2-join separating V(P) U V(S) \ {h} from
V(QQUV(R)UV(T)\ {h}.

Proof: Among the goggles of G, let T’ be one with shortest top path
T and, subject to this condition, with the fewest number of nodes. There
are three cases depending upon whether the top path T is of length 1 or of
length greater than 1 and whether Npg(h) = Npg(h,) for t = 1,2,...,q or
Ngr(h) = Ngr(h:) for t =1,2,...,q, where hy, ..., h, are the twins of A.

Case 1 The top path T of I' has length greater than 1 and if a twin of &
exists, Nps(h) = Nps(h;) for t = 1,2,...,q where hy,...,h, are the
twins of h.

Now a Type c[2.1] node adjacent to k and either 7 or j cannot exist by
Lemma 7.9 and Remark 9.4. A Type h[2.1] node adjacent to i and j
may exist. The nodes of I' and Type a, b, c, d[2.1] nodes relative to I'
are partitioned into six sets as follows:
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o The set A comprising of nodes z,u and their twins and Type a[2.1]
nodes adjacent to a and b.

o The set B comprising of nodes a, b and their twins and Type a[2.1]
nodes adjacent to u and z.

e The set D comprising of nodes z,; and their twins and nodes in
Nps(h).

o The set F comprising of nodes k, and its twins and Type b[2.1]
nodes adjacent to ¢ and j.

e The set M comprising of Type d[2.1] nodes in V¢ and the nodes
in V(P)UV(S)\ {h,i,j,u,z}.

o The set N comprising of Type b[2.1] nodes adjacent to a node
in V(Q) N N(v) and a node in V(R) N N(v), Type ¢[2.1] nodes
adjacent to a node in V(T') and a node in V(Q) U V(R), Type
d[2.1] nodes in V" and nodes in V(Q)U V(R)U V(T)\ {h,a,b}.

By Remark 3.4 and Lemma 6.3, the nodes in AU B induce a biclique
Ksp. By Remarks 3.9 and 8.4, the nodes in D U F induce a biclique
Kpr. We now prove that the edge set E* = E(K45) U E(Kpr) is a
2-join of the graph G. Suppose not. Then in the partial graph G \ E*
there must be a direct connection Y =y, ...,y between AUDUM and
BUFUN. Assume w.l.o.g. that y, is adjacent to a node in AUDUAM
and y,, is adjacent to a node in BUFUN. Note that m > 1, otherwise
there is a violation of Theorem 2.2, Lemma 5.1, Lemma 6.1, Lemma
7.1, Lemma 7.6 or Lemma 8.1.

Suppose y; is a twin of a node in ', say d. Then for the goggles I'*
obtained from I' by replacing d with y; consider the direct connection
Y* =y;...,ym- Note that by Remarks 3.11 and 8.4, the sets of nodes
A*, B*, D* and F* relative to I'* are equal to the sets of nodes A, B,
D F respectively. Hence the edges in the 2-join are the same and the
partial graph G\ E* remains the same. Now, it follows that m > 2. So
assume w.l.o.g. that y; is not a twin of a node in I'. By repeating the
same argument with y,, we assume w.l.o.g. that y, is also not a twin
of a node in I'. There are three subcases. In each subcase there is a
violation of one of the previous lemmas. Note that y; may be adjacent
to a node of I' and to a Type a, b or d[2.1] node. If so the violation is

38




with respect to the direct connection in which y; is adjacent to a node
of I'. Similarly y,» may be adjacent to a node of I' and to a Type a,
b, ¢, or d{2.1] node. If so the violation is with respect to the direct
connection in which y,, is adjacent to a node of T'.

Case 1.1 Node y; is adjacent to a node in A.

Suppose y; is adjacent to z or u or a twin of z or a twin of u. If y,
is adjacent to h then, since edge y.h ¢ E*, node y,, is in Nggr(h) and
there is a violation of Lemma 7.6. Otherwise there is a violation of
Lemma 4.1.

Suppose y; is adjacent to a Type a[2.1] node adjacent to a and b. If
Ym is adjacent to a Type a[2.1] node adjacent to u and z, there is a
violation of Lemma 6.5. If y,, is adjacent to h then y,, is in Ngr(h)
and there is a violation of Lemma 7.7. Otherwise there is a violation
of Lemma 6.1.

Case 1.2 Node y, is adjacent to a node in D.

Suppose y; is adjacent to ¢ or j or a twin of 7 or a twin of ;. Now
ym must be adjacent to h, otherwise there is a violation of Lemma 4.1.
But then y., is in Nggr(h) and there is a violation of Lemma 7.6. If y,
is adjacent to a node in Npg(h), there is a violation of Lemma 7.6 or
Corollary 7.8.

Case 1.3 Node y; is adjacent to a node in M.

Suppose y; is adjacent to a node in V(P)UV(S)\ {h,1,7,u,z}. lf yn is
adjacent to h then y,, is in Nggr(h) and there is a violation of Lemma
7.6. Otherwise there is a violation of Lemma 4.1. If y; is adjacent to a
Type d[2.1] node, there is a violation of Lemma 5.1.

Case 2 The top path T of T has length greater than 1 and if a twin of h
exists, Nor(h) = Nor(h¢) for t = 1,2,...,q where hy,... Ay are the
twins of h. Now a Type b[2.1] node adjacent to i and 7 cannot exist
by Lemma 7.9 and Remark 8.4. A Type c[2.1] node adjacent to k and
either 7 or j may exist. The nodes of I' and Type a, c, d[2.1] nodes
relative to I are partitioned into six sets as follows:
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e The set A comprising of nodes z, u and their twins and Type a[2.1]
nodes adjacent to a and b.

e The set B comprising of nodes a, b and their twins and Type a[2.1]
nodes adjacent to u and .

e The set D comprising of nodes h and its twins and Type c[2.1]
nodes adjacent to k and :.

e The set F' comprising of nodes k and its twins and nodes in
Ngr(h).

e The set M comprising of Type c[2.1] nodes adjacent to k and
either ¢ or j, Type d[2.1] nodes in V¢ and the nodes in V(P) U
V(S)\ {h,u,z}.

o The set N comprising of Type b[2.1] nodes adjacent to a node
in V(Q)N N(v) and a node in V(R) N N(v), Type c[2.1] nodes
adjacent to a node in V(T') and a node in V(@) U V(R), Type
d[2.1] nodes in V" and nodes in V(Q)U V(R)U V(T)\ {k,aq,b}.

By Remark 3.4 and Lemma 6.3,the nodes in A U B induce a biclique
K45. By Remarks 3.9 and 9.4,the nodes in D U F induce a biclique
Kpr. We now prove that the edge set E* = E(Kap)U E(KpF) is a
2-join of the graph G.

Suppose not. Then in the partial graph G \ E* there must be a direct
connection Y = y;,...,yn between AUDUM and BUFUN. Assume
w.l.o.g. that y, is adjacent to a node in AUDU M and y,, is adjacent
to a node in BUFUN. Note that m > 1, otherwise there is a violation
of Theorem 2.2. By the same arguments used in Case 1, we assume
w.l.o.g. that both y, and y, are not twins of nodes in I'. There are
three subcases:

Case 2.1 Node y; is adjacent to a node in A.

Suppose y; is adjacent to z or u or a twin of z or a twin of u. If y,
is adjacent to a node in Nggr(h) there is a violation of Lemma 7.6.
Otherwise there is a violation of Lemma 4.1. Suppose y; is adjacent
to a Type a[2.1] node adjacent to a and b. If y,, is adjacent to a Type
a[2.1] adjacent to u and z, there is a violation of Lemma 6.5. If yn,
is adjacent to a node in Nggr(h) there is a violation of Lemma 7.6.
Otherwise there is a violation of Lemma 6.1.
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Case 2.2 Node y; is adjacent to a node in D.

Suppose y, is adjacent to h. Then y, € Nps(h). If ym is adjacent to a
node in Nggr(h) there is a violation of Corollary 7.8, otherwise there is
a violation of Lemma 7.6. If y; is adjacent to a Type ¢[2.1] node which
is adjacent to 7 and k, there is a violation of Lemma 9.1.

Case 2.3 Node y, is adjacent to a node in M.

Suppose y, is adjacent to a node in V(P) U V(S)\ {h,u,z}. If ym
is adjacent to a node in Nggr(H) there is a violation of Lemma 7.6.
Otherwise there is a violation of Lemma 4.1. If y; is adjacent to a
Type c[2.1] node, there is a violation of Lemma 9.1. If y; is adjacent
to a Type d[2.1] node, there is a violation of Lemma 5.1.

Case 3 The top path T of T is of length 1.

By Lemma 3.6, there are no Type b[2.1] nodes. Assume w.l.o.g. that
a Type c[2.1] node, if it exists, is adjacent to v and :. By Lemma 3.5,
there is no Type c[2.1] node adjacent to v and j. Let Uy, = {w| w is
a Type a[2.1] node adjacent to a and b}. Similarly, let Uy, = {w| w is
a Type a[2.1] node adjacent to u and z}. Let U; be the nodes in Uq
that are adjacent to all nodes in U,, and let U, = Uy, \ U;y. The nodes
of I' and Type a, ¢, d[2.1] nodes relative to I' are partitioned into six
sets as follows:

e The set A comprising of nodes r, u and their twins and Type
a[2.1] nodes in U,.

o The set B comprising of nodes a, b and their twins and Type a[2.1]
nodes in U,,.

e The set D comprising of nodes h and its twins and Type ¢[2.1]
nodes adjacent to v and 1.

e The set F comprising of nodes v and its twins, Type c[2.1] nodes
adjacent to h and nodes in Nggr(h).

e The set M comprising of Type d[2.1] nodes in V¢ and the nodes
in V(P)UV(S)\ {h,u,z).

e The set N comprising of Type d[2.1} nodes in V", nodes in U; and
the nodes in V(Q)U V(R)\ {v,aqa,b}.
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By Remark 3.4 and the definition of the sets U/; and U, the nodes in
A U B induce a biclique K 5. By Remarks 3.13 and 9.4, the nodes
in D U F induce a biclique Apr. We now prove that the edge set
E* = E(K48)VU E(Kpr) is a 2-join of the graph G.

Suppose not. Then in the partial graph G \ E* there must be a direct
connection Y = y;,...,Ym between AUDUM and BUFUN. Assume
w.l.o.g. that y; is adjacent to a node in AUDU M and y,, is adjacent
to a node in BUFUN. Note that m > 1, otherwise there is a violation
of Theorem 2.2. By the same arguments used in Case 1, we assume
w.l.o.g. that both y; and y,, are not twins of nodes in I'. There are
three subcases:

Case 3.1 Node y; is adjacent to a node in A.

Suppose y; is adjacent to  or u or a twin of r or a twin of u. If yn,
is adjacent to a node in U, there is a violation of Lemma 6.4. If yn
is adjacent to a node in Ngr(h) there is a violation of Lemma 7.6.
Otherwise there is a violation of Lemma 4.1.

Suppose y; is adjacent to a Type a[2.1] node w € U;. If y,, is adjacent
to a Type a[2.1] node y € U,,, by the definition of the sets Uy, U, A
and B, it follows that wy € E* and there is a violation of Lemma 6.5.
If y, is adjacent to a Type a[2.1] node y € U,, there is a violation of
Lemma 6.6. If y,, is adjacent to a node in Nggr(h) there is a violation
of Lemma 7.6. Otherwise there is a violation of Lemma 6.1.

Case 3.2 Node y, is adjacent to a node in D.

If y, is adjacent to h then y; € Nps(h). I y, is adjacent to a node
in Nggr(h) there is a violation of Corollary 7.8. Otherwise there is a
violation of Lemmea ~.6. If y; is adjacent to Type ¢[2.1] node which is
adjacent to v and v, there is a violation of Lemma 9.1.

Case 3.3 Node y; is adjacent to a node in M.

Suppose y; is adjacent to a node in V(P)U V(S)\ {h,u,z}. If yn
is adjacent to a node in U, there is a violation of Lemma 6.3. If y,,
is adjacent to a node in Ngp(h) there is a violation of Lemma 7.6.
Otherwise, there is a violation of Lemma 4.1. If y; is adjacent to a
Type d[2.1] node, there is a violation of Lemma 5.1. O
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